By using the Gold map, we construct a partition of the hypercube into cosets of Hamming codes such that for every two cosets the corresponding Hamming codes are maximally nonparallel, that is, their intersection cardinality is as small as possible to admit nonintersecting cosets.
Introduction
Partitions of the hypercube into 1-perfect codes, especially into 1-perfect codes that are not translations of each other, attract some attention in literature [9, 15, 20, 21] . Such partitions themselves are perfect codes in a mixed alphabet, and they are used in the construction of binary perfect codes. In this note, we apply crooked permutations in order to construct a class of such partitions with extremal properties. The partitions constructed consist of cosets of linear codes. On the other hand, such a partition is, in some sense, as far as possible from being 'linear': the affine span of every two of its codes coincides with the whole space. The result of the note provides one more example of application of the crooked functions in the construction of extremal combinatorial structures. In the main part of the note (Section 2 and 3) we use the Gold functions for construction. Section 2 describes the construction, and in Section 3 the symmetries of the constructed partitions and metrical properties of a 1-perfect partition and algebraic properties of its codes.
In [15] , Phelps enumerated all 11 nonequivalent 1-perfect partitions of the 7-cube and used them to evaluate the number of nonequivalent 1-perfect codes of length 15 (the exact number was found nine years later byÖstergård and Pottonen [12] ).
In [1] , Avgustinovich, Lobstein, and Solov'eva investigated the arrays of the cardinalities of the pairwise intersections of the cells of two 1-perfect partitions.
In [2] , by Avgustinovich, Solov'eva, and Heden, partitions of the space into mutually nonequivalent 1-perfect codes are constructed for every length 2 m − 1 ≥ 32.
In [9] , Heden and Solov'eva constructed several classes of partitions of the space into mutually nonparallel cosets of Hamming codes. Solov'eva [20] , Solov'eva and Gus'kov [21] considered the construction of cell-transitive, 2-cell-transitive, and vertex transitive 1-perfect partitions (see the definitions in Section 3), including partitions into mutually nonparallel cosets of Hamming codes [20] , by using known recursive constructions of 1-perfect codes. All known general constructions [9] , [20] of partitions of the space into cosets of Hamming codes give partitions in which some of the cosets are not maximally nonparallel in the sense considered in this paper. The only exception is the partition (Partition 8) of length 7 found in [15] . Moreover, for all these constructions, the 'non-parallelity index' of a partition {C 0 , . . . , C n } defined as min
do not increase with the growth of the length n. For the partition constructed in Section 2, this index has the order log n, which implies an essential improvement in the direction of 'non-parallelity'.
Construction of the partition
Let m ≥ 3 be odd and let F be the finite field GF(2 m ) of order 2 m . Let σ be a power of 2, and assume that σ±1 and 2 m −1 are relatively prime, which is, by simple arguments, equivalent to the condition gcd(s, m) = 1, where σ = 2 s . For example, σ = 2. Since the powers of a primitive element generating F * = F \{0} are calculated modulo 2 m −1, the condition gcd(σ±1, 2 m −1) = 1 means that both x → x σ+1 , which is known as the Gold map, and x → x σ−1
are one-to-one mappings. We will treat the codes C of length 2 m (or 2 m − 1) as collections of subsets of F (F * = F \ {0}, respectively), i.e., C ⊂ 2
The code distance is the minimal cardinality of the symmetric difference X△Y = (X \ Y ) ∪ (Y \ X) of two different elements X, Y of the code. A code is linear if it is a subspace of the vector space (2 F , △, ·) over GF(2) (the set 2 F of all subsets of F is endowed with the addition △ and the natural multiplication by a scalar: 1 · X = X, 0 · X = ∅). A Hamming code (extended Hamming code) is defined as a collection of subsets X of F * (even-cardinality subsets of F , respectively) satisfying x∈X π(x) = 0 where π is some fixed permutation of F * (F , respectively). Recall some facts:
σ+1 is one-to-one);
(C) the cardinality of the code B = {X ∈ 2 F :
is a linear code of distance at least 6, which has the maximal cardinality among the linear distance-6 codes of length 2 m [6] ; in the case σ = 2, a BCH code).
For α ∈ F , p ∈ {0, 1}, define the code H Proof. An element X of the intersection of H 
We derive
For p = 1 and α = β, the last expression cannot be equal to 0, by (B), which contradicts (3) and proves (i).
For p = 0, the last expression above is equal to
which implies, together with (3) and α = β, that
By (C), each of these two cases, together with (1) and (2), has exactly 2 2 m −2m−1 solutions for X. So, there are 2 2 m −2m solutions in total, which proves (ii).
As a corollary, we partitioned all the odd-cardinality subsets of F into 2 m cosets H 1 α of extended Hamming codes such that every two different cosets are maximally nonparallel. Being maximally nonparallel here means that the intersection of the corresponding extended Hamming codes is as small as possible to admit disjoint odd cosets. Note that, in general, the dimension of the intersection of two Hamming codes (extended Hamming codes) can possess any value from 2 m − m − 1 to 2 m − 2m − 1 [7, Theorem 3.4] . But in the last case, the linear span of the two codes will coincide with the whole space (in the case of extended Hamming codes, with the set of evencardinality subsets of F ), which means that the cosets of these codes (odd cosets, for extended Hamming codes) necessarily intersect.
By removing the zero element from all X, we obtain a partition of the (2 m −1)-cube into maximally nonparallel cosets of Hamming codes. The first (m = 3) partition is equivalent to Partition 8 in the classification of all partitions of the 7-cube into 1-perfect codes given by Phelps in [15, Appendix] .
Remark. We can consider α as the "color" of the elements of H 1 α . It is easy to see that, given an odd-cardinality set X ⊂ F , its color can be explicitly calculated by the formula
.
Automorphisms and orbits
Let us consider some isometries of the space that stabilize the constructed partition H = {H 1 α } α∈F of the odd-cardinality subsets of F . For convenience, define H α (β), α, β ∈ F , as the set of odd-cardinality subsets X ⊂ F satisfying (recall that H is an extended Hamming code; so, every odd-cardinality subset of F is at distance one from exactly one element of H). Direct verifications confirm the validity of the following four statements:
, and, multiplying by µ σ+1 , we obtain y∈Y (y + µα) σ+1 = (µβ) σ+1 .
, where the last equality comes from (5) and from the even cardinality of Y .
By an automorphism of the partition H we mean a transform X → π(X)△Y , where π is a permutation of F and Y is a fixed subset of F , that maps every cell of H to another cell of H. The partition is called vertextransitive if the automorphism group acts transitively on the vertices, the odd-cardinality subsets of F . That is, for every two odd-cardinality subsets X, Y of F there is an automorphism of H that sends X to Y . Similarly, the cell transitivity is defined (see [20] for examples of cell-transitive partitions), which property is, evidently, weaker than the vertex transitivity. The partition is called 2-cell-transitive if the automorphism group acts transitively on the ordered pairs of codes from H; that is, for every different Proposition 2. Under the action of the automorphism group of H, the set of odd-cardinality subsets of F is partitioned into at most two orbits.
Proof. Since H is an extended Hamming code, every odd-cardinality subset X of F is at distance 1 from some Y = Y (X) ∈ H.
Let us show that X and Z such that s Y (X) , s Y (Z) = 0 (in notation of Lemma 4) belong to the same orbit. By Lemma 4, the mapping M X :
. Moreover, X is mapped to {δ} for some δ. By Lemma 2, the mapping N X :
) maps H to {H α (1)} α∈F and sends X to {0}. The same is true for Z. In summary, M −1
is an automorphism of H. That is, X and Z are from the same orbit.
Similar (even more simple) arguments solve the case
A computer experiment shows that for m = 5, 7, 9, 11, 13 the partition we construct is not vertex-transitive (for m = 3, it is); i.e., the number of the orbits is exactly 2. An invariant that distinguishes the vertices of different orbits is the number of two-color squares in the neighborhood: for a given vertex X, we count the number Q X of quadruples f : F → F such that for all α = 0 the set H α = {f (x) + f (x + α) : x ∈ F } is an affine subspace (over GF(2)) of F (the sum of an odd number of elements of H α belongs to H α , which does not contain 0 as f is bijective). A class of functions that obviously satisfy this condition is the class of quadratic function, i.e., the vector functions whose components are represented as polynomials of degree at most 2. For such permutations, the cardinalities of the mutual intersections of the corresponding Hamming codes can be counted in terms of the cardinalities of H α , using the technique from the second part of the theorem. Another appropriate class of permutations is the following. A permutations f : F → F is called crooked [3] if for all α = 0 the set H α is an affine hyperplane. The Gold functions are crooked and quadratic; at the moment, all known crooked functions are quadratic. Does (ii) hold for the non-quadratic crooked permutations f (x) (if there are some)? See [23] for other applications of the crooked permutations in the construction of different extremal combinatorial structures.
2. Do there exist partitions of the hypercube into cosets of maximally nonparallel Hamming codes for even m? In [9] , partitions of the space into mutually nonparallel cosets of Hamming codes are constructed for all m ≥ 3. The problem of minimizing mutual intersection of the Hamming codes for such a partition remains open for even m.
